Abstract. It is shown that the radial averaging operator
Introduction and main results
A function ω : D Ñ r0, 8q, integrable over the unit disc D, is called a weight. It is radial if ωpzq " ωp|z|q for all z P D. For 0 ă p ă 8 and a weight ω, the Lebesgue space L For a radial weight ω, we assume throughout the paper that p ωpzq " ş 1 |z| ωpsq ds ą 0 for all z P D, otherwise the Bergman space A p ω would contain all analytic functions in D. For a radial weight, the norm convergence in the Hilbert space A 2 ω implies the uniform convergence on compact subsets of D and so the point evaluations are bounded linear functionals on A 2 ω . Therefore there exist reproducing Bergman kernels B ω z P A 2 ω such that
The Hilbert space A 2 ω is a closed subspace of L 2 ω , and hence the orthogonal Bergman projection from L 2 ω to A 2 ω is given by
A radial weight ω belongs to the class p D if there exists a constant C " Cpωq ą 1 such that the doubling condition p ωprq ď C p ωp K " Kpωq ą 1 and C " Cpωq ą 1 such that p ωprq ě C p ωˆ1´1´r K˙, 0 ď r ă 1, (1.1) then we write ω P q D. The intersection p D X q D is denoted by D. The definitions of these classes of weights are of geometric nature, and the classes themselves arise naturally in the study of classical operators. For example, it is known that the Bergman projection P ω induced by a radial weight ω is bounded from L 8 of D to the Bloch space B if and only if ω P p D, and further, P ω : L 8 Ñ B is bounded and onto if and only if ω P D [15] . A radial weight ω is regular if p ωprq -ωprqp1´rq for all 0 ď r ă 1. The class of regular weights is denoted by R, and R Ĺ D. For basic properties of these classes of weights and more, see [9, 10, 15] and the references therein.
This paper concerns the radial (Hardy) averaging operator T ω , induced by a radial weight ω, and defined by
and its maximal version
where N pf qpzq " sup ζPΓpzq |f pζq| is the maximal function on the non-tangential approach region
Γpzq "
with vertex in the punctured closed unit disc.
Hardy averaging operators have been extensively studied since decades ago in the context of Lebesgue spaces, see [1, 2, 3, 6, 8, 17] and the references therein. The question of when
η is bounded can be answered by a classical result due to Muckenhoupt [8] . Namely, the condition
to be bounded and an estimate from above for the operator norm follow by applying [8, Theorem 2] , and a testing similar to that in the proof of the said theorem gives the necessity and a lower bound for the operator norm. We state this result for further reference as follows.
Theorem A. Let 1 ă p ă 8 and ω, ν and η radial weights. Then
It is worth noticing that under the hypotheses ω, ν P R and η P q D the averaging operator T ω and the maximal Bergman projection [7] . Moreover, in the particular case ω " 1 with ν P R,
is bounded if and only if the Bergman projection P ω is bounded on L p ν [16] . Therefore the averaging operator T ω , which is interesting in its own right, is closely related to the weighted Bergman projection P ω and it might be further used as a model for its study. With this aim and that of studying the difference respect to their action on Lebesgue spaces, we consider the averaging operator
We recall that a positive Borel measure µ on D is a q-Carleson measure for A 
To obtain the necessary condition p D p pω, νq ă 8, we observe first that indicators cannot be used to build test functions, as it happens in Theorem A. This is a significant difference between the analytic and the classical case. We overcome this obstacle by using derivatives of Bergman reproducing kernels B ν a as test functions. The asymptotic behavior of }pB ν a q pN q } A p ν is well understood by the recent study [13] and these estimates are strongly in use in our reasoning. In addition, we need lower estimates for the L p ν -norm of T ω´p B ν a q pN q¯. We prove these estimates by using Hardy-Littlewood inequalities and smooth polynomials related to Hadamard products. This approach actually enables us to obtain a sharp necessary condition for the boundedness in a much more general situation, see Proposition 6 below. As an immediate consequence of these deductions we observe that T ω : L p ν Ñ L q ν fails to be bounded if q ą p and ν P p D. Another pivotal dissimilarity between the analytic and the classical case consists of finding an appropriate way to obtain a sufficient condition in the former one. It turns out that Carleson measures is an adequate one as is already seen in the statement. We will also show that the condition p D p pω, νq ă 8 is self-improving in the sense that if p D p pω, νq ă 8, then there exists ε " εpp, ω, νq ą 0 such that p D p´ε pω, νq ă 8, and this observation will play an important role in the proof.
By using Theorems 1 and A along with [13, Theorem 11], we establish the following result.
Corollary 2. Let 1 ă p ă 8 and ω, ν P R. Then the following statements are equivalent:
It is not a surprise that the statement in Corollary 2 fails without any local regularity hypotheses on the weights because ω being absolutely continuous with respect to ν is a necessary condition for T ω to be bounded on L p ν by Theorem A, see Corollary 10 below. We also consider the pp, pq-weak type inequality for the radial averaging operator. Our main result in this direction is the following. 
A calculation shows that Theorem A can be deduced from the corresponding strong inequality for the simple case ω " 1 by modifying the weights involved. However, this is no longer true for weak-type inequalities due to the nature of the level sets for |T ω |. On the other hand, although conditions similar to Theorem 3(ii) appear frequently in the literature [2, 6] , conditions analogous to Theorem 3(iii), which is a kind of generalization of the classical result of Andersen and Muckenhoupt [1, Theorem 2], seem to have been less explored. Therefore, we believe that Part (iii) in Theorem 3 adds theoretical and practical value to the result. As for the proof of Theorem 3, it follows the leading idea of that of [1, Theorem 2] but a good number of non-trivial modifications are needed.
It is also worth noticing that for each 1 ă p ă 8 there are weights pω, ν, ηq, such that
is not. Nonetheless, as a byproduct of our results we deduce the following.
In Section 2 we prove Theorem 1 and Corollary 2. Theorem 3 is proved in Section 3, where we also provide the details of the proof of Corollary 4 and offer concrete examples related to the results obtained in this study.
Throughout the paper
Further, the letter C " Cp¨q will denote an absolute constant whose value depends on the parameters indicated in the parenthesis, and may change from one occurrence to another. We will use the notation a À b if there exists a constant C " Cp¨q ą 0 such that a ď Cb, and a Á b is understood in an analogous manner. In particular, if a À b and a Á b, then we will write a -b. An observant reader notices that this last notation is already in use in (1.2) and (1.3).
Analytic case

Test functions. We first establish necessary conditions for
to be bounded when 0 ă p ď q ă 8, ν P p D and ω, η are radial weights. To do this, some background material is needed.
For a radial weight ω, the normalized monomials
, n P N Y t0u, form the standard orthonormal basis of A 2 ω , and hence
and ω x " ω 0,x for short. For f P HpDq with Maclaurin series f pzq " ř 8
n"2 k p f pnqz n . With these preparations we can state and prove the following mean estimate for the image of pB ν a q pN q under T ω . Lemma 5. Let 0 ă q ă 8, ν P p D, ω a radial weight, N P N and a P D with |a| ě 1´1 2N . Then
From now on we split the proof into four cases. Let first 0 ď t ď |a| and 0 ă q ď 2. Then the classical Hardy-Littlewood inequality [4, Theorem 6.2] gives
(2.4)
Then the inequality 0 ď t ď |a| and [9, Lemma 2.1(iv)] yield
which combined with (2.4) gives the assertion in the case 0 ď t ď |a| and 0 ă q ď 2. If |a| ď t ă 1, then the assertion readily follows by applying the estimate ω t,j´N Á p ωptq in the reasoning (2.5).
Let now q ą 2 (this approach actually works for any q ą 1). We begin by showing that 6) where F N`1 is the function, analytic in the unit disc, defined by the Maclaurin series
and thus
By using the well known estimate M 8 pr, f q À pρ´rq´1 q M q pρ, f q, valid for all 0 ă r ă ρ ă 1, 0 ă q ă 8 and f P HpDq, and [11, Lemma 10], we deduce
which together with (2.7) gives
Therefore (2.6) is now proved. Let 0 ď t ď |a|. For |a| ě 1{2, choose k P N such that 1´2´k ď |a| ă 1´2´k´1. Then (2.3), [13, Lemma D] and [9, Lemma 2.1] yield
and thus the assertion for 0 ď t ď |a| and q ą 2 is valid. The assertion in the case t ě |a| and q ą 2 readily follows by applying the estimate ω t,2 k`1´N Á p ωptq in the reasoning above. 
p´1 , where β " βpνq ą 0 is that of [9, Lemma 2.1(ii)]. Then
That is, for each 0 ă p ă 8, there exists N " N pp, νq P N such that
On the other hand, Lemma 5 yields
The assertions follow by combining (2.10),(2.11) and (2.12).
It is worth noticing that replacing the derivatives of the Bergman reproducing kernels by the monomials in the proof of Proposition 6 yields analogous conditions to (2.8) and (2.9) but without the factor p1´rp´1 in the denominator on the left hand side. So, one gets the same condition for q " p but a weaker one for q ą p.
We make two observations on Proposition 6. First, (2.8) implies (2.9) if ω P p D and η P q D. Namely, by [9, Lemma 2.1] there exists α " αpω,ą 0 such that p1´tq α p ωptq´q is essentially decreasing, and hence
Let K " Kpηq ą 1 be that of the definition of q D, and define r n " 1´K´n for all n P N Y t0u. If r 1 ď r ă 1, then there exists m P N such that r m ď r ă r m`1 . for each radial weight ω. Bearing in mind the special case η " ν of (2.9), we get the following immediate consequence. 
Proof of Theorem 1.
Let h ‹ pzq " ess sup 0ără|z| |hprz{|z|q| denote the radial maximal function of h at z P Dzt0u.
Lemma 8. Let 0 ă p ď 1 ď q ă 8 and ω a radial weight. Then there exist constants C 1 " C 1 pp, ωq ą 0 and C 2 " C 2 pq, ωq ą 0 such that
for all non-negative measurable functions h on D and θ P R.
Proof. For 1 ă K ă 8 and 0 ď r ă 1, define ρ n " ρ n pω, K, rq " mint0 ď t ă 1 : p ωptq " p ωprqK´nu for all n P N, and set ρ 0 " r. Then tρ n u is increasing such that ρ n Ñ 1´, as n Ñ 8, and
In a similar manner one deduces
and thus the lemma is proved.
The next lemma shows that the condition p D p pω, νq ă 8 is self-improving in the sense that if it is satisfied for some p ą 0, then it is also satisfied when p is replaced by a slightly smaller number.
Lemma 9. Let 0 ă p ă 8 and ν, ω radial weights on D. Then
Proof. The first inequality is obvious. Let us denote ν 1 ptq " tνptq. An integration by parts gives
The assertion follows.
With these preparations we are ready for the proof.
Proof of Theorem 1. Obviously, (i) implies (ii), and (ii) implies (iii) together with the inequality
follows from the case q " p of Proposition 6. By [12 
provided 0 ă p ď 1. Let now 1 ă p ă 8, and fix ε " εpp, ω, νq P´0, min
Define hpzq "
for all z P D, and set Ω " tz P D : ωpzq ą 0u. Then Hölder's inequality, Fubini's theorem and the Hardy-Littlewood maximal theorem yield Now that µ p´ε,ω,ν is a p-Carleson measure for A p ω by (2.14) and Lemma 9, it follows that
Moreover, a reasoning similar to that in the case 0 ă p ď 1 together with Lemma 9 gives
The proof is complete. l
Proof of Corollary 2. Since ω, ν P R, the result follows joining [13, Theorem 11] , Theorem A and Theorem 1. l
Weak type inequalities
We use the conventions 0¨8 " 0 and 1{0 " 8. The next proof follows ideas from [1] .
Proof of Theorem 3. Assume first (i), that is, 
By letting λ Ñ 8, we deduce ş r 0 ηpsqs ds " 0, and thus N pt, rq " 0 for all 0 ď t ă r in this case also.
Assume that 0 ă hprq ă 8, and let f r pzq "´ω from which (iii) and the inequality N p pω, ν, ηq Á M p,ε pω, ν, ηq for each fixed ε ą 0 follow. Assume now (iii), and let ε ą 0. Let f be a compactly supported non-negative step function on D, that is, f " ř l j"1 P j χ R j , where P j ě 0 and R j " tre iθ : 0 ď A j ď r ď B j ă 1, c j ď θ ď d j u with d j´cj ď 2π. Define E θ pλq " tr P p0, 1q : T ω pf qpre iθ q ą λu for any θ P r0, 2πq and λ ą 0, and Hprq " ş r 0 sηpsq p ωpsq p`ε ds for all 0 ď r ă 1. If r 0 " inftr P p0, 1q : hprq ă 8u ą 0, then ηprq " 0 almost everywhere on r0, r 0 s. Therefore ş E θ pλq ηpsq ds " ş E θ pλqXpr 0 ,1q ηpsq ds, where E θ pλq X pr 0 , 1q " n ď k"1 pa k , b k q, r 0 ď a 1 ă¨¨¨ă b k ď a k`1 ă¨¨¨ă b n ă 1.
Let r P ra k , b k s for some k " 1, . . . , n. This inequality will be repeatedly used throughout the rest of the proof.
together with (3.8) yields
